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This paper continues our work on the theory of nonequilibrium voltage noise generated by electric transport processes in 
membranes. Introducing the membrane voltage as a further variable, a system of kinetic equations linearized in voltage is 

derived by which generally the time-dependent behaviour of charge-transport processes under varying voltage can be 

discussed. Using these equations, the treatment of voltage noise can be based on the usual master equation approach to 
steady-state fluctuations of scalar quantities. Thus, a general theoretical approach to nonequilibrium voltage noise is 

presented, completing our approach to current fluctuations which had been developed some years ago. It is explicitly shown 
that at equilibrium the approach yields agreement with the Nyquist relation, while at nonequilibrium this relation is not valid. 

A further general property of voltage noise is the reduction of low-frequency noise with increasing number of transport units 

as a consequence of the interactions via the electric field. In a second paper, the approach will be applied for a number of 
special transport mechanisms, such as ionic channels, carriers or electrogenic pumps. 

1. Introduction 

Electric fluctuations can be observed depending 
on the experimental conditions, either as current 
noise under constant voltage or as voltage noise 
under constant current. Most of the experimental 
and theoretical work on nonequilibrium electric 
noise in biological membranes has been concerned 
with current fluctuations (refs. 1-6; for further 
references see the work cited therein). Current- 
noise experiments are usually preferable since they 
are not limited by the RC time constant of the 
membrane. Especially at high frequencies the 
available operational amplifiers have advantages 
for current-noise experiments. Moreover, the theo- 
retical analysis of current-noise spectra can be 
carried out in a straightforward way using a gen- 
eral approach to nonequilibrium transport 

fluctuations developed some years ago [7,8] while, 
until recently, such a general approach to voltage 
noise was not available. 

On the other hand, a number of cellular mem- 
brane processes such as nerve excitation and 
sensory transduction are controlled or influenced 
by the electric field. Thus, fluctuations of mem- 
brane potential may have direct consequences for 
the safety of signal detection, processing and 
transduction in biological cells. For safe signal 
detection the voltage-noise amplitude in the rele- 
vant frequency interval must be smaller than the 
threshold values of the cellular process. 

In a recent paper we have commenced investi- 
gation of nonequilibrium voltage noise arising 
from ionic transport processes in biological mem- 
branes [9]. In continuation of this work we now 
present a general theoretical framework by which 
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electric membrane transport processes can be 
analyzed under varying conditions: voltage-clamp, 
periodic voltage, or current clamp. In particular, 
an approach to nonequilibrium voltage noise is 
presented in this paper thus completing our former 
on nonequilibrium current noise. 

Thus, it is now possible to analyze and compare 
both types of fluctuations for a wide range of 
applications and models of charge transport. 

This program, its application to and discussion 
of basic passive and active transport mechanisms 
will be the subject of a second paper. 

2. General treatment of charge-transport processes 
in biological membranes 

14 modelling active and passive charge-trans- 
port processes in biological membranes, such as 
carrier-mediated transport [lo-121, transport 
through narrow ionic channels [12-171, channels 
with additional conformational transitions [18,19] 
or electrogenic pumps [20-231, a discrete descrip- 
tion turned out to be most adequate mainly for 
the following reasons: The transport processes 
take place in small regions of molecular dimen- 
sions with a discontinuous structure. According to 
their biological functions conformational transi- 
tions of the transport units (proteins), coupling to 
chemical reactions or ionic interactions have to be 
included. 

2,l. Transport under voltage-clamp conditions 

Under constant-voltage conditions (voltage- 
clamp) it is often convenient to treat the whole 
transport system as consisting of a number of 
independent noninteracting transport units (car- 
riers, channels, pumps). The transport through a 
single unit can be regarded as taking place in a 
sequence of discrete steps or transitions between a 
finite number of substates of this unit. Then the 
central point in modelling the processes is the 
construction of a state diagram (graph) being as 
simple as possible but containing the essential 
characteristics of the process. 

For characterization of states p of a discrete 
system (transport unit) the variables N, are intro- 

duced. The N, are step functions: 

i 

1 
N, = 

if the system is in state p 

0 if the system is not in state p (I) 

The time derivative d Np/dt is a sequence of 6- 
pulses with alternating sign determined by the 
transitions from states Y into state fi (positive 
sign) and from state p to states u (negative sign). 
If at times tip y the transitions Y + p occur, the 
fluxes (pPy are’introduced through [8] 

~p”=Cwt,,,,,), P+v 
I 

Then the balance relation holds 

In analogy to continuum systems the fluxes +,,” 
are vectorial quantities, while the time derivatives 
dNJdr are scalar fluxes. 

The transitions between different states are 
governed by probabilistic laws and the yP are 
random variables. Introducing the probabthty P, 
of the system being in state p, one obtains with eq. 
1 the averaged or expectation value (NJ 

(Np) = pp (4) 

And with eq. 2 the expected flux (c&) is the mean 
transition rate, being the transition probability 
(transition moment) MPy per unit time multiplied 
by the probability P, of finding the system in state 
Y 

($&,.> = MP”P, (5) 

Hence, by averaging the balance relation (eq. 3) 
one obtains as fundamental stochastic equation 
the master equation 

(6) 

The steady state, given by the steady-state solu- 
tion Pi of eq. 6 is called an equilibrium state if the 
steady-state fluxes {y,) satisfy the detailed bal- 
ance 

(&) = (+$) for all cc, Y, with pf Y (7) 
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Otherwise, the steady state is a nonequilibrium 
state. 

Up to now we have considered a single subunit. 
Treatment of a transport system consisting of Nc 
identical subunits can similarly be done as fol- 
lows: N, is now a step function which assumes the 
values 0, 1, 2,. . . , No if 0, 1, 2,. . . , IV,, subunits are 
in state p. The times ti++ in eq. 2 as well as the 
fluxes (pPy now refer to all transitions Y + jt in any 
one of the subunits and eq. 3 is valid for the whole 
system. Furthermore, it is now assumed that all 
subunits act independently and under identical 
conditions. Then the expected values (N,) and 
(#I,,~> have simply to be replaced by 

P,,) = W’, @a) 

and 

($,> = %,WJ 

From eq. 6 follow the kinetic equations 

(5) 

or 

with the diagonal elements M,, of M according to 

For experimental applications concerning the 
measurement of the electric current J under volt- 
age-clamp the transport observable J is defined 
within the general framework as a linear mapping 
of the fluxes 

The underlying idea is that the observed current is 
generated by transitions in the system and special 
transitions yield special contributions to J. AS an 
example we consider the ion carrier (cf. fig. 1): 
only the transitions of the charged carrier-ion 
complex MS+ of charge q between states 3 and 4 

contribute to J. Hence 

Y43= -y34=qv y,, = 0 otherwise (11) 

Generally, the matrix y is antisymmetric, y,, = 

- Y”jV Y,, =O, because transitions p + Y, v--f p 
yield contributions to the electric current of equal 
absolute value but opposite sign. 

2.2. Extension to systems under varying voltage 

In case the system is not kept under constant- 
voltage conditions, the framework of section 2.1 
has to be extended because first the voltage de- 
pendence of the transition moments Mpy and sec- 
ond the additional contribution of the membrane 
charging current CdV/dt as a function of the 
membrane capacitance C have to be taken into 
account. 

In order to express the dependence of the tran- 
sition moments on varying voltage around an 
average values VS, we replace M in eq. 8 by 
&AV), where 

AV= V- Vs 02) 

is the deviation of I/ from Vs. Hence, we obtain 
from eq. 8 

For the voltage dependence of j%? we set [8]: 

(13) 

&,( AV) = Mfiy exp (&AVj. cc+* 04) 

(k,, Boltzmann constant; T, absolute tempera- 
ture). 

The expression (eq. 10) for current J has to be 
replaced by 

For small deviations AV from Vs the voltage 
dependence can be linearized: 

’ -Y AV 2k,T I.” , P+v 06) 
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Eqs. 13-15 represent a set of equations describing 
the time-dependent (averaged) behavior of the 
transport system. In case only small deviations are 
considered, these equations can be linearized with 
respect to AV with the use of eq. 16. 

Furthermore, assuming that for f -B 00 the sys- 
tem tends to a stable steady state with voltage V”, 
we arrive at the linearized equations for the devia- 
tions LYE, AV from the steady state N,“, VS. 

(17b) 
This system of equations serves as basis for fur- 
ther treatment. As well as, for example, eqs. 8 and 
13 it describes the expected (or averaged) kinetic 
behavior, which will be observed in macroscopic 
experiments if the number N, of subunits is suffi- 
ciently large. For the treatment of stochastic be- 
havior, such as the electric current or voltage 
noise, it is necessary to consider in more detail the 
microscopic properties of the transport processes. 
This will be done in section 3 of this paper. 

The general system (eq. 14) of n + 1 equations 
cannot be solved uniquely unless a further condi- 
tion, e.g., on voltage or current, is imposed. Under 
the constant voltage condition AT/- 0, from eq. 
17a follow the kinetic equations (eq. 8) and from 
eq. 17b the (expected) electric current (J) in 
agreement with eq. 10. 

2.3. Transport under current-clamp 

In experimental applications, an alternative 
method is relaxation measurement under con- 
stant-current conditions where the system is driven 
away from a stationary state, e.g., by a charge 

pulse [23,24], and then is subject to relaxation (of 
voltage) under constant current. 

The constant-current condition imposed on eq. 
14b means that 

(J-J’)=0 (18) 

Thus, from eq. 14 one obtains the kinetic equa- 
tions 

This set of n + 1 linear kinetic equations can be 
solved by standard methods similarly to the con- 
stant-voltage case, eq. 8. Eq. 8 as well as eq. 19 
satisfies the balance 

dC (a,,> 
c1 

dt = 
0 (20) 

Hence, because the o[~ are defined as the deviation 
from the steady state: 

CCQ =O 
P 

(2Oa) 

Eq. 20 follows directly for eq. 8 and for the sum 
over the first terms on the right-hand side of eq. 
19a from the definition (eq. 9) of M: 

The sum over the second term on the right-hand 
side of eq. 19a vanishes because y is antisymmet- 
ric. 

For the further treatment it is favorable to 
write the eqs. 19 in matrix notation: 

d(B) ~ = -K(#3) 
dt 

with/$,=ru, forp=l,&...,n, L$+,=AY 

(22) 
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Fig. 1. State diagram for modelling carrier-mediated ion trans- 
port: S and MS+ are the concentrations of the free carrier 
and the carrier-ion complex within the membrane, respectively. 
k, and k, are the rate constants for association and dissocia- 
tion of the carrier-ion complex. k, described the movement of 

the free carrier, whereby kbs and k&s are the rate constants 
for the ion transport. cM is the ion concentration in the 

aqueous solutions. 

and 

KPy= -MPy> 

K p,“+l = - &U($., + ~~~Jh,.~ 

K l Cb*;C n+l.v = 7 p, v=l, 2 ,..., n 
F 

K n+1,n+1 = & c Y:,G$J (24) 
P,” 

Because of eq. 9 or 20a the rank of the matrix 
M is smaller than n. Generally, if the graph of the 
system is simply connected it is n - 1. Corre- 
spondingly, the rank of K is n. For applications, 
where the inverse of the matrix of coefficients is 
needed, it is favorable to reduce the system (eq. 
22) of n + 1 equations to a system of n equations 
by eliminating one ap (p = 1, 2,. . . , n) with the 
use of (eq. 20a) 

d<p> - - - = -K(& 
dt (22a) 

for example, if one eliminates 1y, according to 
n-1 

a: =-- 
” c a” (25) 

v=l 

one obtains explicitly for CL, v = 1, 2,. . . , n - 1 

s,=$=a /‘, p,=AV 

Up” = M,w - M,m (26) 

and hence according to eqs. 19 

&V = MWV 

(24a) 

2.4. Periodic voltage, admittance 

If additionally to constant voltage I/’ a macro- 
scopic periodic voltage of small amplitude co is 
applied to the system, the linear response yields 
the complex admittance Y(w) of the system [8]. 
We set 

(AV) = +” 

and for the response of current 

(AJ) =cOY(w)e’u’ 

with (eq. 25) eqs. 17a yield 

(a} = (ioE - M) - lRtoe’“’ 

(25) 

(26) 

(27) 

(28) 

of R. From eq. 27 together with the general rela- 
tion (eq. 15) for current J, we obtain a general 
expression for the complex admittance Y(w) of 
discrete transport systems: 

+ c Y~“M,“~(ioE-M)-‘l”~R, 
p.v.n.p i 

+ iwC (29) 

3. Electric fluctuations around steady states 

In section 2 we have formulated the framework 
of kinetic equations (eqs. 17), which may serve as 
a basis for the analysis of macroscopic experi- 
ments: current relaxation after a voltage-jump (eq. 
S), the response to a periodic voltage (admittance) 
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and the voltage relaxation after a charge pulse (eq. 
22). The stochastic analysis of electric (current or 
voltage} noise can be based on these kinetic equa- 
tions. 

3.1. Current noise 

As described elsewhere the treatment of current 
noise starts from the flux-flux correlations under 
voltage-clamp for which the following general re- 
lation holds [7,8,24]: 

(+~“(0)%,,0)) = ($“>{ $“,,;s(Q + ~$&J~)} 

(30) 

with 

6 
I 

FY.KP = i 

for p,v=~,p 

0 otherwise 

and the matrix exponential 

sZ=f?= Q(f) + lim e”’ 
I-m (31) 

as the fundamental solution matrix of eq. 8. Then, 
because the current J is linearly dependent on the 
fluxes (cf. eq. lo), the autocorrelation function 
Cd,(t) of current fluctuation is 

Cdl(t) = c Y,,Y,,{(~~“(o)~~,,(r)) 
P,“.“.P 

P#U 
KfP 

- (+;J(K.,>} (32) 

According to the Wiener-Khintchine relations 
[25,26] one obtains from eq. 32 by Fourier trans- 
formations the spectra density GdJ(w) as a func- 
tion of circular frequency 0 

XMKP 
J 

%+,(f) cos (J dl 
0 

(33) 

Thus, also at nonequilibrium the current noise is 
determined by the solutions of the phenomeno- 
logical equations. In earlier papers [8,24] we have 
shown that at nonequilibrium the current noise is 
determined not only by the macroscopic admit- 
tance (Nyquist relation) but also by a second 

term, which in many cases exhibits a so-called 
excess noise with an intensity proportional to the 
square of the steady-state current. 

It should be emphasized that at nonequilibrium 
via the individual fluxes ($$> in eq. 33 there is 
contained information about the system which is 
not contained in the macroscopic response proper- 
ties, although G&(w) can be calculated with the 
use of the solution of the phenomenological equa- 
tions (eqs. 13). Below (cf. eq. 39a) we will see that 
by the steady-state fluxes the steady-state second- 
order Fokker-Planck moments are determined 
from which, on the other hand, the variances can 
be derived. 

Because the discrete description of transport 
processes seems to be a very general framework, 
the formulation of nonequilibrium transport noise 
according to eqs. 30-33 is a rather general tool for 
the analysis of current noise. On the other hand, 
such a general framework for nonequilibrium volt- 
age noise has been lacking so far, but will now be 
derived. 

3.2. Second-order Fokker-Planck moments and volt- 
age noise 

Considering the kinetic current-clamp equa- 
tions (eqs. 19) with the voltage occurring as the 
(n + l)-th (scalar) variable, it is sensible to treat 
voltage noise formally by the so-called master 
equation approach to fluctuations [6,27,28]. In this 
approach eqs. 19 and 22 may be considered as the 
linearized phenomenological equations derived 
from a master equation, in which voltage V occurs 
as a further Markovian variable and the states 
must be further distinguished according to voltage 
V. 

Then generally the correlations (/AIL) are 
given by 

@(t)&O)) = eK’a2 (34) 

with the variance matrix 

u2 = @(0)8(O)) (35) 

Hence, the autocorrelation function of voltage 
noise is 

C*,(t) = k8w8om n+l,n+l 
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and the variance 

{AT? = c,,(O) = kB(o)B~o))l n+1,n+1 (36) 

Thus, for calculation of voltage noise it is not 
sufficient to solve the kinetic (macroscopic) equa- 
tions (eqs. 19). One needs additional information 
on microscopic properties which is contained in 
the variance matrix according to 

aZ~+Ku2=B(/3=0) (37) 

with the second-order Fokker-Planck moments 
B,,(O) of the steady state /I?” = 0 defined by 

J&,(O) = c P,P,Q(B; B”= 0) (38) 
alIp 

Q(fi; j3" = 0) is the transition rate per unit time 
from the steady state /?” = 0 to the state B_ Within 
the framework described in section 3.1 the transi- 
tion rates are given by the fluxes +fibY. Hence, the 
Fokker-Planck moments for p, v = 1 ,, . n are 
easily determined by 

(39a) 

because transitions from the steady state 8” = 0 
generate changes of & 8, = f 1. 

For the remaining components $,n+l = E,,, t+, 
B n+l ~+ t we have to take into account that under 
current-clamp conditions a transition v + /L in one 
transport unit is connected with a change 

“VGy = - $ Y~V (40) 

of voltage (cf. eq. 15 under the current-clamp 
condition J = .I’). Therefore one obtains from eq. 

38 

B n+1,n+1 = $ c u,“,<+;.,> (39b) 

;A 

with eqs. 39 and eqs. 23 and 34-37 we are in a 

position to calculate the nonequilibrium voltage 
noise in a very straightforward way. According to 
Chen [6], it is even possible to avoid the explicit 
and lengthy calculation of the variance matrix and 
replace a2 directly by B. The result for the spec- 
tral density matrix which may be used in explicit 
calculations is [6] 

G=2(K2+w2E) ~1KBi(if2+w2E)p1 

+2wZ(K2 + u2E)-‘B(lfz + w2E)-’ (41) 

In the limit w + 0 it is favorable to use the 
reduced equations (eq. 22a) with the reduction 
according to eq. 24. Then, the Fokker-Planck mo- 
ments are simply 

Epy=Bpy ~,v=l,...,n-l 

B = B, n+1, %,n = BniL,n+l P,” . (42) 

and eq. 41 is replaced by 

G = 2(Ez + L?E)-‘~~~(~’ + w’E)-~ 

+2w2(K7+w2E)~‘B(S+~2E)~’ (41a) 

4. Discussion of the general approach to voltage 
noise 

With eqs. 23, 34-37, 39 and 41 a general theo- 
retical approach to voltage fluctuations in discrete 
membrane transport systems at nonequilibrium 
states has been derived, thus completing the ap- 
proach to current fluctuations to a general frame- 
work. In both cases the fluctuations can be de- 
rived in a very straightforward way. The explicit 
application to a number of different transport 
models (channels, carriers, pumps) will be the 
subject of a second paper. Here we wish to discuss 
some general points. 

4. I. Vuriunce of voItage fluctuations at equilibrium 

As shown in appendix A, at equilibrium (cf. eq. 
7) it is possible to solve generally eqs. 37 for the 
variance matrix u* with the result for the variance 
of voltage fluctuations 

(A+) = y (43) 
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This result is in agreement with the equipartition 
theorem: Regarding voltage I’ as one degree of 
freedom, its averaged contribution to the energy 
of the system is 

$C(AV’) = +k,T (44) 

4.2. Nyquist relation at equilibrium 

At equilibrium the spectral density of current 
noise according to eq. 33 satisfies the Nyquist 
relation 

G,,(o) =4kBTReY(w) (45) 

with Y(w) according to eq. 29 [8,24]. Correspond- 
ingly, the voltage noise as derived in section 3 
should satisfy the relation 

G,,(w) = 4k,TReL 
Y(o) 

(46) 

In order to verify the validity of eq. 46 at .equi- 
librium within our framework, we use the fact that 
at equilibrium eq. 41 can be reduced to the sim- 
plified expression 

G(w) = 2(K2 + w’E)-‘B (47) 

Hence, the spectral density of voltage noise GdV (0) 
is 

G,,(w) = Gn+~,n+&) 

= 2c [(K’ + w*E)-l] ntl,vBr,n+l (48) 
Y 

Comparison of eq. 39b with the matrix of coeffi- 
cients K shows that 

(49) 

Therefore, from eq. 48 follows 

GA,(W) = yck K2 + W2W11 .+&,n+l 
Y 

or 

GA,= 
4k,T 
~ReW’),+1,,+1 

with 

Z=(K+iwE) (51) 

Thus, according to eqs. 46 and 50, the matrix of 
coefficients K of the system of n + 1 linear kinetic 
equations (eqs. 19) under current-clamp is directly 
related to the complex admittance via eq. 51. 

In appendix B, the validity of the relation 

(z-l) n+l.n+l = C/Y(w) (52) 

is explicitly derived, thus showing the agreement 
between the Nyquist relation at equilibrium and 
the framework presented in this paper. 

It can be shown explicitly that eqs. 45 and 46 
are not valid at nonequilibrium steady states [8,24]. 
However, it remains an open question whether 
and under which conditions the relation 

G&, = G*$- 
lY12 

(53) 

can be generalized to nonequilibrium states. 

4.3. Dependence of noise intensity on the number of 
transport units 

In a following paper we shall present a number 
of numerical calculations of voltage noise gener- 
ated by different transport mechanisms. In all 
these calculations the variance of voltage noise at 
nonequilibrium states does not deviate essentially 
from the equilibrium value k,T/C. On the other 
hand, the frequency dependence of voltage noise 
strongly depends on the number of transport units 
in the system in a way which is completely differ- 
ent from the behavior of current noise. 

If under constant voltage (voltage-clamp) the 
transport units act independently, the current- 
noise intensity is directly proportional to the num- 
ber N, of independent units. Under constant cur- 
rent (current-clamp) the transport interacts 
through the electric field. This interaction is ex- 
pressed in the second term on the right-hand side 
of eq. 19a. It leads to statistics being completely 
different from that of independent events. The 
variance is not proportional to the number A$, as 
it would be for independent events. Furthermore, 
the noise intensity for low frequencies (w + 0) is 
inversely proportional to N, 

G,,(w + 0) a + 
0 



The validity of eq. 54 is shown in appendix C. 
Thus, the low-frequency noise is reduced, while 
generally the high-frequency intensity increases. 
This can be understood in the following way: The 
probability of relaxation of a spontaneous fluctua- 
tion in membrane voltage generated in one trans- 
port unit is greater if the number of transport 
units is greater because the electric field equally 
acts on all transport units. 

or 

??+Llr=$.n+l =o, (/J=l,...,Iz) 

With eq. A4 we obtain 

This result is in agreement with the Nyquist 
relation (eq. 46) at equilibrium expressing the fact 
that the spectral density is inversely proportional 
to the (real part of the) admittance, which in- 
creases with increasing number of transport units. 

On the other hand, the frequency of stochastic 
voltage fluctuations in the system increases with 
increasing number of transport units. As a conse- 
quence, the variance being kept at an approxi- 
mately constant value k,T/C, the spectral inten- 
sity of voltage noise is shifted to higher frequen- 
cies. 

2K 2 
n+l,n+l”n+l,“+l = Bn+l.n+l(B = 0) (As) 

Comparison of eq. 39b with eq. 24 yields the 
relation 

K ntl,n+l ’ B =- 
2k T n-fl,n+l (A61 

B 

Then, from eqs. A5 and A6 one obtains for the 
variance of voltage fluctuations (Av2) = o,‘,,,~+, 

Finally, insertion of eqs. A3-A6 in eq. A2 shows 
that the ansatz (eq. A3) leads to a solution of the 
complete set of equations (eq. A2). 

Appendix A: Variance at equilibrium Appendix B: Derivation of eq. 52 

At equilibrium states the relation 

0% = Ko2 

holds [27,28], simplifying eq. 37 to 

2Ka2=B(j3=0) 

i.e. 

(Al) 

(A2) 

n+l 

2 c fGp~,:=KJB=0) 

p=l 
(A2a) 

If eq. 52 is valid, the complex admittance Y(w) 
is related to the matrix K by 

C[Y(w)l-’ = [(K+ ioE)l] ,,+l,n+l (Bf ) 
With 

Z: =(K+ioE) tB2) 

and the general relation for calculation of inverse 
matrices we are able to rewrite eq. Bl 

For solving eq. A2 we make the ansatz that qY(wj]-l= det( -M+ iwE) 
det Z @3) 

2 t K,,a,2,=B”,(/3=0), (v, /J=l,..., n) 
p--l 

tA3) 

M is defined by eq. R and related to K by eq. 24. 
det Z can be written in the following way 

holds for the reduced system of equations. The 
validity of eq. A3 would mean that the equi- 
librium fluctuations of the number of states and 
of voltage are uncoupled. 

From eq. A3 follows with eq. A2 

det Z= 2 ( -l)n*lC’Kn+l,l(detQ/) 
j-1 

+Wn+l,n+l + io) det( -M + iwE) 

034) 

K 2 
u,n+l*“+l,p =o, (v,p=l,..., rz) with the matrix Qj following from Z by omitting 

(A4) 

(A? 
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the j-th colunm and (n + I)-th row 

@5) 

Furthermore, defining a matrix Q” by omitting in 
Q’ the i-th row and (n + 1)-th column 

Zl,,-1 Z I./+1 
. 

z,, .” Z”.,_, z,.;,, .‘. 2,” 

036) 

we obtain from eq. B4 

det Z = i ( -l)ncl-c’+n+‘K,+l,iKi,n+l(detQii) 
i=l 
1-r 

+K+I,n+r + io) det( -M+ iwE) 

(B7) 

Closer inspection yields 

(- l)‘+j(detQ”) = [(-M+ i&)-l] ,r 

xdet( -M+ iwE) (B8) 

With eqs. B7 and B8 we obtain 

C[Y(w)l-‘= (4+1,,+1 + io> i 

- iI K~+l,jKi,,+l[(-M+‘WE)~l] ji 

i,j=l 

(B9) 

Comparison of eq. B9 with eqs. 28 and 29 yields 
eq. 52. 

G,,(w -0) = 2 e (K-r),;B,,(K-t),j (Cl) 
1./--l 

According to eq. 24 only the K;,,+r, Ei,, (cf. eq. 
41b) are linearly dependent on the steady-state 
fluxes and hence on N,,, while the remaining com- 
ponents are not. Therefore 

de1 Ka N0 (C2) 

is valid. 
The elements (K-l),; of the inverse matrix 

K- ’ are given by 

(C3) 

with 

A,, is the determinant of a (n - 1) X (n - 1) ma- 
trix with components Ai, (i = 1,. . , n) not de- 
pending on NO. According to eq. 39 all Fokker- 
Planck moments BMy are linearly dependent on 
No. Hence, eq. Cl becomes with eqs. C3 and C2 

G,&0+*)+~ (-1)2n+i+j&4j, (C4) 
0 l,J-1 
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